Published 26 In recent years, boundary element method (BEM) and finite element method (FEM) implementa-27 tions of acoustics in fluids with viscous and thermal losses have been developed. They are based on 28 the linearized Navier-Stokes equations with no flow. In this paper, such models with acoustic losses 29 are applied to an acoustic metamaterial. Metamaterials are structures formed by smaller, usually 30 periodic, units showing remarkable physical properties when observed as a whole. Acoustic losses 31 are relevant in metamaterials in the millimeter scale. In addition, their geometry is intricate and 32 challenging for numerical implementation. The results are compared with existing measurements.
Introduction
Acoustic metamaterials are artificial periodic structures with unit cells containing features 36 such as resonators or scatterers. 1 The macroscopic acoustic properties may show values that defined on the boundaries, where the three modes are coupled through boundary conditions. 23 The BEM with losses has been implemented for research purposes with the objective of deal-24 ing with particularly challenging and computationally demanding cases, such as condenser 25 microphones and the structure brought forward in this paper. 8,9 26 The finite element method (FEM) can also be used to directly solve the no-flow linearized 27 Navier-Stokes equations with no further hypotheses, and is suitable for any geometry. 10-13 28 The FEM implementation with losses is available with some commercial FEM software 29 packages. 14 30 Besides the full BEM and FEM with viscous and thermal losses, there are other imple-31 mentations where some restricting assumptions are made. 15, 16 These alternative implemen-32 tations are not investigated in this paper. 33 In a recent publication an acoustic metamaterial was studied using theoretical models, 34 complemented with experiments. 17 However, poor agreement was found, and the authors 35 speculated that the possible cause was the fact that no losses were included in the theo-36 retical models. In this paper, BEM and FEM models with viscous and thermal losses are 37 presented and employed for modeling the metamaterial. This particular problem has three 38 features, that makes it relevant as a test case: (i) it has implications that are relevant for 39 metamaterial research where acoustics losses are often neglected, (ii) it is a suitable problem 40 where implementations of losses need to handle an intricate geometry, and (iii) it is on the In Sec. 2, the acoustic metamaterial and its desired properties are described, outlining where it shows the so-called double-negative behavior: negative effective bulk modulus and 18 negative effective mass. As a consequence, the lossless models predict that the metamate-19 rial has extraordinary properties such as tunneling through narrow channels, control of the 20 radiation field, perfect transmission through sharp corners and power splitting. The structure is embedded between two horizontal planes separated by distance h, leaving the lower part of length L below the lower plane and forming wells that may act as resonant elements. Ra is the inner radius, R b is the outer radius and α is the angle that corresponds to a well (or between wells) sector. The units are arranged regularly as a grid to form the metamaterial, as shown in the sketch to the left. Two versions of the metamaterial were produced by 3D printing and used for measure- propagating inside. In order to evaluate the transmittance, the sound pressure measured at 5 the end of the duct was compared with an equivalent reading in a rectangular duct with no 6 metamaterial. The duct is narrow enough to ensure a good approximation to a plane wave 7 with no high-order propagating modes in the bandwidth of interest (1-5 kHz). Two different 8 samples of the metamaterial were fabricated with different geometrical parameters, one of 9 them shown in Fig. 2 . The dimensions are listed in Table 1 . The samples are delimited by 10 hard walls that are smooth and rigid, creating reflections and resembling a structure that 11 extends infinitely in the direction normal to the wave on the lattice plane.
12
The measurement results did not confirm the expected double-negative behavior in any 13 of the two samples. In the following sections, these results will be compared to models with 14 losses. Only results for Sample A are presented in this paper. 
Description of the Numerical Implementations

16
The two numerical implementations of acoustics with thermal and viscous losses are outlined 17 in the following. A short description of each of them is followed by model details of the 18 metamaterial test case.
Numerical Model of an Acoustic Metamaterial with Losses
BEM with losses 1
The BEM implementation with losses is based on the Kirchhoff decomposition of the Navier-2 Stokes equations, 6,7
where the indexes (a, h, v) represent the so-called acoustic, thermal and viscous modes, 4 which can be treated independently in the acoustic domain and linked through the boundary 5 conditions. The total pressure is the sum p = p a +p h of the acoustic and thermal components 6 (there is no pressure associated with the viscous mode), while the velocity has contributions In parallel, an empty rectangular duct of the same dimensions has been calculated. The 6 purpose of the empty duct is acting as a reference for the calculation of the metamaterial 7 transmittance and reflectance. This reference could also be calculated analytically, but the 8 numerical version serves as a test for the calculation issues described in the following.
9
The duct where the metamaterial is inserted and the empty duct used as a reference are 10 assumed sufficiently long so that no reflections are created on any of the two terminations, 11 emitting and receiving. In the FEM calculation described later, perfectly matched layers 12 are used for this purpose. In the BEM code, the emitter and receiving lids are given an 13 impedance of ρc instead, to make them anechoic to an incoming plane wave. One of the 14 terminations acts as a plane piston with a normal velocity of 1/ρc m/sec amplitude, so as 15 to normalize the resulting plane wave to an amplitude of one.
16
The boundary conditions are set so as the mesh nodes on the rim of the lids can represent 17 a sharp transition between the lid and the duct walls. This is done by splitting the columns calculation, and it is not shown in this paper.
Numerical Model of an Acoustic Metamaterial with Losses
FEM with losses 1
Corresponding FEM simulations were carried out using the commercial software COM-2 SOL. To accurately capture the effects of viscosity and thermal conduction for complex 3 geometries like the metamaterial, the full linearized Navier-Stokes description is necessary.
4
The equations solved are the momentum, continuity and energy equations,
iωρ + ρ 0 ∇ · u = 0, (5)
The acoustic variables are; particle velocity u, pressure p, temperature T . F is a volume and β T isothermal compressibility.
10
The above equation set is solved using the regular FEM approach, transforming the 11 equations into weak form. This results in a system of equations having pressure, particle 12 velocity and temperature as variables. Five degrees of freedom are introduced per node, 13 meaning that the system in general will be five times larger as compared to the lossless 14 counterpart for the same mesh. 
24
In order to capture the effects of viscosity and thermal conduction in FEM, the viscous 25 and thermal boundary layers need to be meshed with mesh densities that are much higher 26 than in the remaining domain regions. In complex models like the metamaterial sample 27 modeled in this paper, this will mean a substantial increase of the number of degrees of band close to 2.5 kHz, which disappears when losses are present. This is an important 17 outcome that may have an impact in metamaterial design.
18
In this paper we are concerned however with the performance of the numerical methods.
19
The BEM and the FEM calculations with losses appear to be rather close to each other, 20 and away from the measurement results. Only at high frequencies this picture is less clear, significantly the mesh at the boundary layers in order to study its effect. In BEM, a mesh 1 with less nodes than the one employed in this paper showed similar results. Also in BEM, 2 a drastic increase in mesh density would also make the calculation unaffordable. However, 3 to some extent the FEM and BEM results validate each other.
4
Using the numerical calculations, it is possible to examine the behavior of the structure 5 in a detail that is not reachable to measurements. As an example, Fig. 6 shows the pressures 6 along the propagation direction on the boundary of the metamaterial within the double-7 negative band, calculated using BEM. Note that the BEM predicts the double-negative 8 behavior at a frequency of around 2600 Hz, and this value is used in Fig. 6 . The FEM 9 calculation with no losses in Fig. 5 shows a double negative band at 2400-2500 Hz.
10
If the duct was plain and empty, the boundary conditions would produce a plane pro-11 gressive wave of amplitude 1, which is marked in Fig. 6 as thin solid lines. The amplitudes in the resonator units are much larger, and in the simulation with no losses they combine 1 in such a way as to produce the extraordinary behavior described by Graciá-Salgado et al.
2
The same figure shows the effect of losses, which prevent wave propagation to the receiving 3 end and destroy the interplay between metamaterial units. is prevented by viscous and thermal losses. This conclusion applies in principle to this par-9 ticular metamaterial, but may serve as a warning when estimating the behavior of similar 10 structures.
11
The test case is a challenging calculation both for BEM and FEM with losses. Numerical
